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We show that model states of fractional quantum Hall fluids at all experimentally detected
plateaus can be uniquely determined by imposing translational invariance with a particular scheme
of Hilbert space truncation. The truncation is based on classical local exclusion conditions, mo-
tivated by constraints on physical measurements. The scheme allows us to identify filling factors,
topological shifts and clustering of topological quantum fluids universally without resorting to mi-
croscopic Hamiltonians. This prompts us to propose the notion of emergent commensurability as a
fundamental property for many known FQH states, which allows us to predict families of new FQH
state that can be realised in principle. We also discuss the implications of certain missing states
proposed from other phenomenological approaches, and suggest that the physics of FQH effect could
fundamentally arise from the algebraic structure of the Hilbert space in a single Landau level.
PACS numbers: 73.43.Lp, 71.10.Pm
A large number of fractional quantum Hall (FQH)
states with distinct topological orders have been observed
experimentally and proposed theoretically, ever since the
surprising discovery of the quantised Hall conductivity
at 1/3 filling factor[1, 2]. The physics of the FQH effect
is mainly derived from the formation of an incompress-
ible quantum fluid with a charge excitation gap, which
could be realised at specific rational filling factors when a
two-dimensional electron gas system is subject to a per-
pendicular magnetic field. We now understand that both
Abelian and non-Abelian FQH states are likely observed
in the experiments[1, 3]. In addition to the single com-
ponent FQH states (e.g. the Read-Rezayi series[4, 5]),
there can also be multi-component or hierarchical states
from the coexistence of more than one type of quantum
fluids in a strongly correlated manner[6, 7].
There has been much development in the microscopic
theories of the FQH effect since the first proposition of
the Laughlin wavefunctions[2] and later on, the model
Hamiltonians[8]. One major approach is the phenomeno-
logical formation of “composite fermions” (CF) with flux
attachment[7], and the parton construction inspired from
it[9, 10]. It leads to the systematic construction of mi-
croscopic wavefunctions for almost all observed and pro-
posed FQH states[11]. Another major approach is to
exploit the rich algebraic structures of many-body wave-
functions in a single Landau level (LL) on genus 0 geome-
tries (e.g. sphere or disk), leading to very efficient con-
structions of microscopic model wavefunctions with the
Jack polynomial formalism[1, 12, 14, 15]. The method
is particularly useful for the Read-Rezayi (RR) series in-
cluding the coveted non-Abelian states, revealing the par-
ticle clustering properties in an intuitive manner. The
Jack polynomial formalism and the related techniques
are also closely linked to the wavefunction constructions
from parafermion correlators in conformal field theory
(CFT)[4, 5], and in contrast to the CF approach, in many
cases model projection Hamiltonians can be found[16], of
which the constructed wavefunctions are unique zero en-
ergy ground states.
From a theoretical point of view, we can characterise
the FQH states with the following expression:
Nφ =
q
p
(Ne + Se)− Sφ (1)
where the system size is given by the number of orbitals
Nφ and the number of electrons Ne. In the thermody-
namic limit when both Nφ, Ne → ∞, the filling factor
is given by ν = p/q, and Se, Sφ are integer topological
shifts for the electrons and orbital[17, 18] respectively.
Note that p, q do not have to be co-prime. While the phe-
nomenological CF formalism is extremely useful in con-
jecturing about possible combinations of [p, q, Se, Sφ], it
is most successful for Abelian states, and the majority of
the CF wavefunctions do not seem to have a local model
Hamiltonian[19]. The local projection Hamiltonians (for
RR series and beyond) can serve as model Hamiltonians
for many Jack polynomials or CFT based wavefunctions,
including the non-Abelian ones, but most of them do not
have unique zero energy ground states[12, 16]. The gen-
eralisation to Abelian multicomponent FQH states in this
picture is also difficult. The key question we ask here is
how to determine if an FQH state can form in principle
at a particular [p, q, Se, Sφ]. This is because at the funda-
mental level, these topological indices should not depend
on any local operators, including Hamiltonians.
In this paper, we focus on spin-polarised states, and
propose a new perspective in the general understanding
of the FQH effects. This perspective is based on a number
of physically motivated principles and strong numerical
evidence, leading to the predictions of many new FQH
states with explicit model wavefunctions and topological
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2indices. It also leads to very efficient ways of numerically
constructing model wavefunctions, including previously
known ones that cannot be written as Jack polynomials
and thus could only be obtained by expensive numerical
diagonalisation of model Hamiltonians with few-body in-
teractions.
More specifically, we present a simple set of crite-
ria for the constraints on physical measurements of the
quantum Hall fluids, which we term as local exclusion
conditions (LECs). They can unambiguously determine
[p, q, Se, Sφ] for many FQH phases, without resorting to
microscopic Hamiltonians or other prior conjectures. In-
terestingly, the LECs are “classical” constraints on the
reduced density matrices of the quantum Hall fluids,
but here we use them to determine emergent topological
properties that are purely quantum phenomena. This
motivates us to propose the concept of intrinsic “com-
mensurability” for the FQH physics, that is reminiscent
of, though not equivalent to, the generalised Pauli exclu-
sion principles[20] and clustering properties[12].
We start by examining some general ingredients for the
incompressible FQH states. The ground state of a par-
ticular FQH phase needs to be the unique, highest den-
sity state that is translationally invariant. Translational
invariance is needed so there are no gapless Goldstone
modes, and we need the ground state to be of the high-
est density for it to be incompressible. If such a ground
state is not unique, it generally also indicates gapless
excitations[21], since the degeneracy could be split by
small perturbations, unless it is protected by symmetry
or topology[22]. We will also assume for any FQH phase,
Eq.(1) should be valid for all allowed system sizes, and
is not just valid in the asymptotic limit when Ne or Nφ
goes to infinity.
We also conjecture there exists a minimal description
as given by a minimal model ground state living in a trun-
cated Hilbert space, for many (if not all) FQH phases.
Here we define the “minimal” model state to be the state
that captures all the ground state topological properties
of the topological phase, but made from the smallest pos-
sible set of bases, out of all bases permissible by quantum
numbers (e.g. momentum) in the Hilbert space. The RR
series are explicit examples where part of the translation-
ally invariant Hilbert space in a single LL is truncated,
as manifested by their entanglement spectrum[23]. The
integer quantum Hall effect also fits in this paradigm:
while the permissible Hilbert space includes all Landau
levels and realistic ground states have small components
in higher LLs, the minimal model ground state is the
Vandermonde of the lowest filled LLs with all higher LLs
truncated.
We now show how “commensurability” of FQH sys-
tems arises from these principles, particularly with the
important roles played by translational invariance and
Hilbert space truncation. We use spherical geometry, so
translational invariance is equivalent to rotational invari-
ance, and take the model wavefunction of the Laughlin
state at filling factor ν = 1/3 as a simple illustration. We
emphasise the Hilbert space truncation here is more gen-
eral and less restrictive than the removal of unsqueezed
bases in the Jack polynomial formalism[12]. The Laugh-
lin state in the second quantised form is a Fermionic
Jack polynomial with the root configuration given by
100100100 · · · 1001, where · · · represents the repeated
patterns of “100”. All components of the Laughlin wave-
function in the occupation basis are “squeezed” from the
root configuration. An important property of the wave-
function, valid for any system size, is that a measure-
ment of the leftmost two orbitals at the north pole will
never detect more than one particle. Indeed, the reduced
density matrix of the Laughlin state restricted to the left-
most two orbitals only contain three bases: 00, 10, 01; the
missing basis of 11 is because of the “squeezing rule” of
the Jack polynomial.
FIG. 1: Root configuration and squeezed bases of the Laugh-
lin state on the sphere for four particles. The leftmost two
orbitals corresponds to the north pole, and no basis has those
two orbitals both occupied. Other bases with Lz = 0 are
either removed by Cnˆ={2,1,2} or rotational invariance.
We state here the key observation based on extensive
numerical evidence: if we start with the full Hilbert space
containing all bases squeezed and unsqueezed from the
root configuration (so that there is no need to select a
root configuration by hand), and truncate away bases
that contain two particles in the leftmost two orbitals,
we are left with far more bases than the squeezed bases
needed for the Laughlin state. However, when we choose
Ne and Nφ based on p = 1, q = 3, Se = 0, Sφ = 2 in
Eq.(1), there is a unique rotationally invariant L = 0
state, obtained from diagonalising the total angular mo-
mentum operator L2 on the sphere in the truncated
Hilbert space: coefficients of all remaining unsqueezed
bases are forced to be zero by rotational invariance (see
Fig.(1)).
A formal procedure can be set up for more general
cases. Starting with a quantum Hall fluid on an infinite
plane or a finite sphere, we define a set of LECs denoted
3as SC , with each element indexed by a triplet of non-
negative integers nˆ = {n, ne, nh}. We use lB to denote
the magnetic length, so each magnetic flux occupies a
finite area of 2pil2B . A condition Cnˆ ∈ SC physically dic-
tates that for a measurement over any circular droplet
containing n fluxes[28], no more than ne particles and
nh holes can be detected. Thus Cnˆ acts as a constraint
on the type of bases in the quantum Hall fluid that may
have non-zero coefficients. If n = ne = nh, there is no
constraint if the underlying particles are Fermions in a
single LL. On spherical geometry, the LECs are only ap-
plied to the north or south pole, but more basis coeffi-
cients will vanish after imposing rotational invariance, ef-
fectively requiring LECs to be satisfied everywhere in the
quantum fluid. The incompressibility of the FQH fluids
originates from the finite energy cost of breaking such ex-
clusion constraints, physically enforced by renormalised
Coulomb interactions in various experimental conditions.
For actual implementations, we look at the Hilbert
space of total z-component angular momentum Lz = 0 on
the sphere[6], denoted byHNφ,Ne , indexed by the number
of orbitals and electrons. We also define H¯nˆNφ,Ne to be
the truncated Hilbert space from HNφ,Ne where all bases
not satisfying the constraint of Cnˆ at the north pole are
removed, and N¯ nˆNφ,Ne to be the number of L = 0 states in
H¯nˆNφ,Ne . Here is one of the main statements of this work:
some Cnˆ has a one-to-one correspondence to a combina-
tion of [p, q, Se, Sφ] satisfying the following properties:
Ndφ =
q
p
(Ne + Se)− Sφ (2)
N¯ nˆNdφ ,Ne = 1, N¯
nˆ
Nφ<Ndφ ,Ne
= 0 (3)
for all values ofNe subject to the condition thatNe+Se =
kp, k ≥ 2. In particular, nˆ = {n, n, n} corresponds to
the integer quantum Hall effect. This result is compu-
tationally checked for all numerically accessible system
sizes[29]. The filling factors, topological shifts and par-
ticle clustering of the FQH states can all be unambigu-
ously determined by specifying Cnˆ and the requirement
of translational invariance. The basis expansion of the
minimal model ground state can also be obtained as the
unique L = 0 ground state of L2 operator in the trun-
cated Hilbert space, and Eq.(3) can be interpreted as the
requirement for the state to be gapped and incompress-
ible.
Incompressibility of the FQH phases also require
gapped neutral excitations. We can show that LECs nat-
urally forbid neutral excitations by looking at Lz 6= 0
sectors of different Hilbert spaces indexed by Nφ and Ne.
Given any fixed Ne, for Nφ = N
d
φ from Eq.(2), there are
no highest weight states in any Lz 6= 0 sector. Thus the
only highest weight state occurs in Lz = 0 sector, which is
the rotationally invariant ground state of the correspond-
ing FQH phase, and all neutral excitations are excluded
by the local classical constraints. Similarly for Nφ < N
d
φ ,
no highest weight states exist in any Lz sector.
TABLE I: The first row gives the triplet nˆ. With a single
condition as the Hilbert space constraint, Se = 0 (see [18]),
and we use [p, q, Sφ] to represent a FQH state; L denotes the
Laughlin state, Pf denotes the Pfaffian, while R denotes other
states in the RR series. P denotes states from other projection
Hamiltonians[16].
{2, 1, 2} {3, 2, 3} {3, 1, 3} {4, 3, 4} {4, 2, 4} {4, 1, 4} {5, 4, 5} {5, 3, 5} {5, 2, 5} {5, 1, 5}
Ne = 2, 3, 4 · · · L:[1,3,2] L:[1,5,4] L:[1,7,6] L:[1,9,8]
Ne = 4, 6, 8 · · · Pf:[2,4,2] H : [2, 6, 4] P:[2,8,6]
Ne = 6, 9, 12 · · · R:[3,5,2] P:[3,7,4]
Ne = 8, 12, 14 · · · R:[4,6,2]
A few FQH states and their corresponding nˆ are listed
in Table.(I). In particular, each nˆ = {n, 1, n} gives
the usual Laughlin state at ν = 1/ (2n− 1), and each
nˆ = {n, n− 1, n} gives the Z3 parafermion (the RR se-
ries) states[5] at ν = (n− 1) / (n+ 1). States from nˆ =
{n,m, n} and nˆ = {kn, km, kn} have the same filling fac-
tor but different shifts. For example, nˆ = {4, 2, 4} gives
the Haffnian state[16] at ν = 2/6, Sφ = 4. There is also
the general relationship that nˆ = {n,m, n} corresponds
to the incompressible FQH state at ν = m/ (2n−m) and
Se = 0, Sφ = 2 (n−m). Many of these states were not
studied before.
All filling factors with the corresponding shifts pro-
posed in[16] (except for the states at filling factors ν =
42/5, 2/9, which we will discuss later) can be included
in Table.(I). Even in cases where projection Hamiltoni-
ans cannot uniquely determine the zero energy ground
states, our scheme can lead to a unique model ground
state at corresponding ν and Sφ with transparent physi-
cal interpretations. For example, using the Hamiltonian
notations in Ref.[16], the zero energy eigenstates of P 54
are not unique at filling factor ν = 3/7, yet a unique
state can be obtained with nˆ = {5, 3, 5}, requiring no
detection of more than three particles from a measure-
ment in a circular droplet containing five fluxes. It is
also worth mentioning that every state in Table.(I) has
its particle-hole (PH) conjugate state. They can all be
uniquely determined by imposing a single condition of
nˆ = {n, n,m}. Naturally for the PH conjugate states, the
condition of “highest density” is referring to the density
of the “holes”. Thus in Eq.(3) we have N¯ nˆ
Nφ>Ndφ ,Ne
= 0
instead.
The conspicuous omissions from Table.(I) are the
Gaffnian state (unique zero energy state of P 33 )[2], the
state at ν = 2/9 (unique zero energy state of P 93 ), and
some of the filling factors where the Jain or hierarchi-
cal series are expected to occur (e.g. at ν = 4/9). We
now proceed to show that a number of these missing
states can also be realised when the Lz = 0 Hilbert space
is truncated by more than one Cnˆ. Explicit numerical
computation shows the Gaffnian state at ν = 2/5 with
Se = 0, Sφ = 3 is a unique translationally invariant state
when either Cnˆ1={2,1,2} or Cnˆ2={5,2,5} is satisfied by the
Lz = 0 bases. We denote such LECs by Sornˆ1nˆ2 . This im-
plies that either a). a measurement of a circular droplet
of 2 fluxes can at most detect one particle, or b). a
measurement of a circular droplet of 5 fluxes can at most
detect two particles. Intuitively, this is reminiscent of
the hierarchical construction[6, 25] or the CF picture for
the ν = 2/5 state[7, 8]. Condition a). is the same as
the Laughlin state at ν = 1/3, induced effectively by a
finite energy gap when C{2,1,2} is violated. However at
ν = 2/5 the violation of a). is allowed as long as there is
another effective energy gap for C{5,2,5}. It is tempting
to associate the former with the creation of quasielec-
trons, while the latter with the incompressibility of the
quantum fluid formed by the quasielectrons themselves.
It is important to note, however, the Gaffnian state
is the only translationally invariant highest density state
determined by any Sornˆ1nˆ2 . We discuss about its relation-
ship with the Jain state at ν = 2/5 with more details in
the Supplementary materials[29]. Similarly the state at
ν = 2/9 can be determined by Sor{3,1,3}{9,2,9}, which has
very high overlap with the Jain state at the same fill-
ing and shift. We have also scanned through all possible
combinations of two Cnˆ’s, and no states at ν = 4/9 can
be uniquely determined with Sornˆ1nˆ2 . However, a unique
state at the same filling factor but different shift can be
determined by a single condition with {7, 7, 5}, which
is the particle-hole conjugates of the ν = 5/9 states in
Table.(I). Another interesting finding is that there is an
incompressible state at ν = 3/7 and Sφ = 4 correspond-
ing to Sornˆ1nˆ2 with nˆ1 = {2, 1, 2}, nˆ2 = {6, 3, 6}, which is a
competing state at the same [p, q, Se, Sφ] to the one cor-
responding to a single condition with nˆ = {5, 3, 5} (see
Table.(I)). The overlap of these two states quickly goes
to zero as we increase the system size, suggesting they
belong to two different topological phases.
To better understand the differences between the two
states at ν = 3/7 obtained from qualitatively differ-
ent LECs, we use topological entanglement spectrum
(ES)[23] to analyse these many-body states. One should
note that our model states are explicitly constructed from
a truncated Hilbert space within a single LL, thus only
the topological part of ES will be present. It is worth
noting from Fig.(2) that even though the two ν = 3/7
states have an overlap of 0.02, their ES have the exact
same counting. However the state from Sornˆ1nˆ2 appar-
ently has multiple low-lying branches, while the state
from nˆ = {5, 3, 5} only has a single branch. Multiple
low lying branches also appear from the Gaffnian state,
which similarly requires two conditions to be determined
uniquely. In contrast, the Haffnian state (or any other
states) from a single condition only has one low-lying
branch in its ES (see Fig.(2)). This could be another
interesting physical interpretation of the roles played by
Cnˆ, which warrants further studies.
FIG. 2: The entanglement spectra of the ν = 3/7 state
with 15 particles from a). Cnˆ={5,3,5} and b).Sornˆ1nˆ2 with
nˆ1 = {2, 1, 2}, nˆ2 = {6, 3, 6}. c). ν = 2/6 Haffnian with
12 particles, and d). ν = 2/5 Gaffnian with 16 particles.
The subsystem is always chosen to be the one for which the
reduced density matrix has the highest dimension.
Conclusions – We show that the incompressibility of
the FQH states arises from translational invariance and
constraints on the Hilbert space defined by a set of LECs
5denoted Cnˆ. Thus topological properties of many FQH
states can be determined classically, dictated by what
can or cannot be measured from the quantum Hall fluids.
Regarding the absence of Hamiltonians in this approach,
one should note that the universal topological proper-
ties of the FQH phases should not depend on the Hamil-
tonian details. Moreover, the complexity of the model
Hamiltonians does not a priori imply the corresponding
FQH state is hard to realise in experiments. For exam-
ple, the model Hamiltonian for the Moore-Read state is
three-body, but the state can be stabilised by realistic
two-body interactions, and is easier to realise in experi-
ments than many Laughlin states with two-body model
Hamiltonians.
In addition to conceptual insights, we formulated an al-
gorithm to determine an intrinsic commensurability con-
dition between the number of particles and number of
orbitals on genus 0 geometry. The commensurability
condition uniquely determines the filling factors, topo-
logical shifts and clustering properties of potential FQH
fluids that can be realised in principle. The algorithm
also allows efficient construction of model ground states
of these FQH fluids by diagonalising a two-body operator
in a truncated Hilbert space.
It is tempting to speculate that the minimal models
arising from Hilbert space truncation could be univer-
sal for all possible FQH states. In particular, it implies
different FQH phases can be unambiguously classified by
the LECs, and the truncation of permissible Hilbert space
could be characteristic of the topological nature of the
FQH states. Not only is this manifested by the miss-
ing of generic states from the entanglement spectrums
of the model ground states, it is also a unifying descrip-
tion for both the integer and fractional quantum Hall
effect. This is because the integer quantum Hall effect
is uniquely defined by translational invariance and the
truncation of the bases from higher LLs.
Nevertheless, our scheme cannot account for some
FQH states proposed in the literature. For example,
while we can find states at ν = 2/5, 2/9 and 3/7 that
have very high overlaps with the Jain states, some Jain
or hierarchical states are missing; at those filling factors,
incompressible states with different topological natures
are obtained with our schemes. A detailed discussion of
the close relationship between the LEC and composite
fermion approaches will be presented elsewhere.
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Supplemental Online Material for “Emergent Commensurability from Hilbert Space
Truncation in Fractional Quantum Hall Fluids”
In this supplementary material we include some detailed examples on how the filling factors, topological shifts and
particle clustering can be unambiguously determined by imposing translational invariance on the Hilbert space
truncated by one or more LECs we defined in the main text. We also discuss about the Jain states in the context
of the principles we proposed in the main text, which could be interesting topics for further research.
S1. EXAMPLES OF CORRESPONDENCE
BETWEEN Cnˆ,Sornˆ1nˆ2 AND [p, q, Se, Sφ]
We illustrate in details how a single condition, or two
conditions, can be used to unambiguously determine the
filling factor ν = p/q and the topological shifts Se, Sφ of a
potential FQH states. As a first example, we take a single
condition Cnˆ with nˆ = {4, 3, 4}, so that any measurement
of a circular droplet of four fluxes on a translationally in-
variant quantum fluid will not detect more than three
electrons. The task is to scan over all possible combina-
tions of Ne, the number of electrons, and Nφ, the number
of fluxes, and to look for patterns. The empirical rule of
thumb is that for nˆ = {n,m, n}, the pattern emerges
when the minimal number of electrons Ne = 2m. In this
case, it starts with Ne = 6.
It is obvious that Nφ ≥ Ne = 6 for FQH effects. On
the sphere, for each value of Nφ, the Lz = 0 sub-Hilbert
space, denoted as HNφ,6, can be easily constructed. For
example with Nφ = 10, all basis are squeezed from the
dominant root configuration 1110000111. We now start
to remove from HNφ,6 all basis that contain more than
three particles in the leftmost four orbitals. It turns out
for Ne = 6, no basis are removed for Nφ > 6, and we
have H¯{4,3,4}Nφ>6,6 = HNφ>6,6. For Nφ = 6, the only basis
given by 1111111 is removed and H¯{4,3,4}6,6 = ∅.
We now start to look for the number of rotationally
invariant states by diagonalising L2 in H¯{4,3,4}Nφ,6 , which is
denoted as N¯ {4,3,4}Nφ,6 . It turns out we have
N¯ {4,3,4}6,6 = N¯ {4,3,4}7,6 = 0
N¯ {4,3,4}8,6 = 1
N¯ {4,3,4}9,6 = 0
N¯ {4,3,4}10,6 = 2
N¯ {4,3,4}11,6 = 0
N¯ {4,3,4}12,6 = 3
... (S1)
In general N¯ {4,3,4}Nφ,6 increases with Nφ, though not mono-
tonically.
The same procedure can be done with Ne = 7, 8, we
will not record the results here to avoid clutter. The
interesting results are from Ne = 9, note in this case
H¯{4,3,4}Nφ≥,9 ∈ HNφ≥,9, and for each Nφ, the constraint ofC{4,3,4} will truncate away some basis in the Lz = 0
sub-Hilbert space. The number of rotationally invari-
ant states in the truncated Hilbert space for each Nφ is
given as follows:
N¯ {4,3,4}9,9 = N¯ {4,3,4}10,9 = N¯ {4,3,4}11,9 = N¯ {4,3,4}12,9 = 0
N¯ {4,3,4}13,9 = 1
N¯ {4,3,4}14,9 = N¯ {4,3,4}15,9 = N¯ {4,3,4}16,9 = 0
N¯ {4,3,4}17,9 = 6
N¯ {4,3,4}18,9 = N¯ {4,3,4}19,9 = N¯ {4,3,4}20,9 = 0
N¯ {4,3,4}21,9 = 25
N¯ {4,3,4}22,9 = 0
N¯ {4,3,4}23,9 = 25
... (S2)
Similarly, for Ne = 12, we have the following results:
N¯ {4,3,4}12≤Nφ≤17,12 = 0
N¯ {4,3,4}18,12 = 1
N¯ {4,3,4}19,12 = 1
N¯ {4,3,4}20,12 = 4
N¯ {4,3,4}21,12 = 6
N¯ {4,3,4}22,12 = 16
... (S3)
We can thus clearly see the pattern that for the set of
values [p, q, Se, Sφ] = [3, 5, 0, 2], the following commensu-
rability condition is satisfied:
Ndφ =
5
3
Ne − 2 (S4)
N¯ {4,3,4}
Ndφ ,Ne
= 1, N¯ {4,3,4}
Nφ<Ndφ ,Ne
= 0 (S5)
S2
with Ne = 3k and k ≥ 2. Moreover, the unique rotation-
ally invariant state in the Hilbert space of H¯{4,3,4}
Ndφ ,Ne
is the
Read-Rezayi state at ν = 3/5, a Fermionic Jack polyno-
mial with root configuration of 1110011100 · · · 11100111,
or the famous Fibonacci state. We have numerically
checked such to be the case up to 18 particles.
As another example, we look for [p, q, Se, Sφ] corre-
sponding to Sornˆ1,nˆ2 , with nˆ1 = {2, 1, 2}, nˆ2 = {6, 3, 6}.
Using Ne = 9, Nφ = 17 as an example, the entire Lz = 0
sub-Hilbert space is squeezed from 11110000100001111;
among all the squeezed basis, if the leftmost two orbitals
contain zero or one particles (e.g. 00001111110000 or
10000111100001), these basis will be kept. If the left-
most two orbitals contain two particles, but the leftmost
six orbitals contain no more than three particles (e.g.
111000011100000111), such basis will also be kept. If
both conditions are violated (e.g. 11110000100001111),
such basis will be truncated. For notational convenience
we denoted truncated Hilbert space as H¯nˆ1nˆ2Nφ,Ne , and the
number of L = 0 states in this Hilbert space as N¯ nˆ1nˆ2Nφ,Ne .
With nˆ1 = {2, 1, 2}, nˆ2 = {6, 3, 6}, the pattern again
starts with Ne = 6, 9, 12, · · · . At Ne = 6, the imposition
of Sornˆ1,nˆ2 again does not remove any basis except forNφ =
Ne = 6. Thus identical to Eq.(S1) we have the following:
N¯ nˆ1nˆ26,6 = N¯ nˆ1nˆ27,6 = N¯ nˆ1nˆ28,6 = N¯ nˆ1nˆ29,6 = 0
N¯ nˆ1nˆ210,6 = 1
N¯ nˆ1nˆ211,6 = 0
N¯ nˆ1nˆ212,6 = 3
N¯ nˆ1nˆ213,6 = 0
N¯ nˆ1nˆ214,6 = 4
... (S6)
With Ne = 9 we have the following:
N¯ nˆ1nˆ29≤Nφ≤16,9 = 0
N¯ nˆ1nˆ217,9 = 1
N¯ nˆ1nˆ218,9 = N¯ nˆ1nˆ219,9 = N¯ nˆ1nˆ220,9 = 0
N¯ nˆ1nˆ221,9 = 14
N¯ nˆ1nˆ222,9 = 0
N¯ nˆ1nˆ223,9 = 15
... (S7)
And with Ne = 12 we have the following:
N¯ nˆ1nˆ212≤Nφ≤23,12 = 0
N¯ nˆ1nˆ224,12 = 1
N¯ nˆ1nˆ225,12 = 1
N¯ nˆ1nˆ226,12 = 9
N¯ nˆ1nˆ221,12 = 20
... (S8)
Thus for Sornˆ1,nˆ2 with nˆ1 = {2, 1, 2}, nˆ2 = {6, 3, 6}, the
corresponding commensurability condition is as follows:
Ndφ =
7
3
Ne − 4 (S9)
N¯ nˆ1nˆ2
Ndφ ,Ne
= 1, N¯ nˆ1nˆ2
Nφ<Ndφ ,Ne
= 0 (S10)
with Ne = 3k and k ≥ 2. The unique rotationally invari-
ant state in the Hilbert space of H¯nˆ1nˆ2
Ndφ ,Ne
is obtained up
to Ne = 15. This is the minimal model state for the Jain
state at ν = 3/7.
In both two examples above, we have p = 3 so the
model states only exist when Ne is divisible by 3, indi-
cating its non-Abelian or multicomponent nature. For
the Laughlin states, we have p = 1, and the Moore Read
state gives p = 2, as can be obtained with the same pro-
cedure described in this section.
S2. THE JAIN STATES FROM COMPOSITE
FERMION PICTURE
In this section we give a brief discussion on the interest-
ing questions arising from the compatibility and incon-
gruity between the commensurability conditions and the
composite fermion construction. A more detailed analy-
sis will be presented elsewhere. The simplest Jain state
occurs at [p, q, Se, Sφ] = [2, 5, 0, 3] with ν = 2/5 and
topological shift Sφ = 3. In the paradigm of compos-
ite fermions, the state can be interpreted as the integer
quantum Hall effect of composite fermions made of one
electron and two fluxes, when the lowest two “CF levels”
are completely filled by these composite fermions.
The trial wavefunction of the Jain state at ν = 2/5
is obtained by projecting the integer quantum Hall
wavefunction of composite fermions (containing basis in
higher LLs) into the lowest Landau level. It is also worth
pointing out that the ν = 2/5 state with Sφ = 3 can
also be understood as a hierarchical state, where the
quasielelctrons of the Laughlin state at ν = 1/3 form
its own incompressible state. In both pictures, the state
is spin polarised, Abelian and multicomponent. The two
phenomenological pictures are physically distinct, yet the
trial wavefunctions obtained seems to represent the same
S3
topological phase, possibly suggesting more fundamen-
tal elements not reflected by these two phenomenological
pictures.
In our commensurability scheme, no single Cnˆ leads
to the commensurability condition of [p, q, Se, Sφ] =
[2, 5, 0, 3]. We have also scanned over the combination
of two or three conditions, and only Sornˆ1,nˆ2 with nˆ1 ={2, 1, 2}, nˆ2 = {5, 2, 5} leads to [p, q, Se, Sφ] = [2, 5, 0, 3],
a unique state with the physical interpretation that either
a circular droplet of two fluxes contains no more than one
particle (the condition that corresponds to the ν = 1/3
Laughlin state), or a circular droplet of five fluxes con-
tains no more than two particles. This physical inter-
pretation is intuitively very much compatible with the
hierarchical picture for the ν = 2/5 state.
What is interesting is that the model state from Sornˆ1,nˆ2
with nˆ1 = {2, 1, 2}, nˆ2 = {5, 2, 5} is actually the Gaffnian
state, which is apparently the only model state for
[p, q, Se, Sφ] = [2, 5, 0, 3] based on the principles we pro-
posed in the main text. This raises the intriguing ques-
tion of the relationship between the Jain state and the
Gaffnian state at ν = 2/5. The two states have very high
overlap, and similar features in their entanglement spec-
trum. However it is also believed they are topologically
distinct[2]. The CF picture dictates the Jain state to be
Abelian, while the Gaffnian and its quasihole states were
originally constructed from CFT correlators, implying it
is non-Abelian. Moreover, it has also been argued that
the Gaffnian state should be gapless[1–3].
We argue here that the Gaffnian state could be the
minimal model state of the Jain state or the hierarchical
state at ν = 2/5, Sφ = 3. This is not contradictory to the
claims about the Gaffnian state from the CFT picture,
as the detailed analysis in [1] shows from topological en-
tanglement entropy that the quasiparticle excitations of
the Gaffnian state is Abelian, and the bulk correlation
length only seems to go to zero in the thermodynamic
limit for the non-Abelian sector: the Abelian vacuum
sector remains finite. The subtle relationship between
Gaffnian and Jain state was also reported in Ref.[4] from
the behaviours of quasiparticle excitations. The claim of
gapless-ness of the Gaffnian from the CFT perspective
only indicates the state happens to be the zero energy
ground state of a certain microscopic projection Hamilto-
nian that is gapless. It does not forbid the state from cap-
turing the essential topological properties of the ground
state of a more realistic, incompressible Hamiltonian.
Indeed, in many perspectives the principles we pro-
posed in the main text are quite general (e.g. it works
for the Jain state at ν = 3/7), and the Gaffnian state
naturally emerges if the realistic microscopic Hamilto-
nian gives a significant energy punishment (as compared
to other energy scales) when three or more particles ap-
pear in a five-flux droplet, and two particles appear in
a two-flux droplet within this five-flux droplet, which is
no more special than any other FQH states mentioned in
this work. This also explains the high overlap between
the Gaffnian and the Jain state, and seems to indicate
certain limitations of the CF construction and the CFT
perspective in the context of the fractional quantum Hall
physics.
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